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Abstract 
 
The theoretical aspects and also the method of inverse problem solution connected with the identification of alloy substitute thermal 
capacity are discussed. The substitute thermal capacity (STC) appears when the problem of alloys solidification is described by the energy 
equation corresponding to the one domain method. The course of STC is assumed in the form of broken line and an alloy latent heat and a 
certain temperature TM  from the interval [TS , TL ] (solidus and liquidus border temperatures) determine the form of function describing the 
parameter discussed. At the stage of inverse problem solution the basic variant of gradient method is used. The example concerns the 
estimation of cast carbon steel STC. The computations concerning the numerical solution of direct problem and sensitivity one base on the 
explicit scheme of finite difference method. In the final part of the paper the results of identification process are shown. 
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1. Mathematical description 
 
The following energy equation is considered  
 
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  (1) 
where c(T ) is a volumetric specific heat of casting material, λ(T ) 
is a thermal conductivity, L is a volumetric latent heat, T = T (x, t), 
fS    =  fS  (x,  t)  denote  the  temperature  and  the  local  volumetric 
fraction  of  solid  state  [1,  2].  One  can  see,  that  only  heat 
conduction in a casting volume is considered. 
The  equation  determining  the  course  of thermal processes in a 
mould sub-domain is of the form 
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  (2) 
where  the  index  m  identifies  the  mould  sub-domain,  the  non-
homogeneous mould can be also considered. 
On  the  external  surface of mould the continuity condition (3rd 
type of boundary condition) 
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
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  (3) 
is, as a rule, accepted. Here α is a heat transfer coefficient, Ta is an 
ambient temperature, /n denotes a normal derivative. 
On the contact surface between casting and mould the continuity 
condition is given 
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where R is a thermal resistance. For R = 0 (a such assumption can 
be done in the case of sand mix mould) the last equation takes a 
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The initial temperature distribution for t = 0 is also known 
00 0: ( , 0) ( ) , ( , 0) ( ) mm t T x T x T x T x      (6) 
The  mathematical  model  presented  above  can  be  more 
complicated.  One  can  consider  the  convectional  component  of 
heat transfer which appears in the molten metal sub-domain. In 
the case of alloys solidification the segregation effects can be also 
taken into account, etc. 
 
 
2. Macro models of solidification 
 
In this paper the model called the one domain approach will 
be discussed [3]. Let us denote the temperatures corresponding to 
the beginning and the end of solidification process as TL and TS . If 
one considers the solidification of pure metals or eutectic alloys 
then the border temperatures can be introduced in an artificial way  
substituting the solidification point T
* by a certain temperature 
interval [T
* -ΔT, T
* +ΔT]. Numerical experiments show that the 
assumed values of ΔT (in reasonable limits) are not very essential, 
and the results of numerical simulations of solidification process 
are similar. 
One  assumes  the  knowledge  of  temperature-dependent 
function fS for interval [TS , TL ] and then 
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    (7) 
Introducing this formula to equation (1) one obtains 
 
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where C (T ) = c (T ) – L dfS /dT is called 'a substitute thermal 
capacity'. This parameter can be defined in the different ways. 
Introducing the following definition of substitute thermal capacity 
d
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where cL , cP , cS are the volumetric specific heats of molten metal, 
mushy zone and solid state sub-domains, one can use the equation 
(9) as the model of thermal processes proceeding in the whole, 
conventionally homogeneous, casting domain. It is the reason that 
the approach presented is called 'a one domain method'. 
The knowledge of  function  fS allows one  to determine directly 
the   STC. The conditions fS (TL ) = 0 and  fS (TS ) = 1should be 
fulfilled, of course, additionally for T < TS : fS = 1,  for T >TL ; fS = 
0. 
The  course  of  STC  can  be  also assumed in a direct way. The 
example  of  this  approach  can  be  found  in  [1]  (Kozdoba’s 
approximation) or [4] (bell-type function). The direct formulation 
of STC without the assumptions concerning the course of fS for 
interval [TS , TL ]  requires the compliance of a ‘natural’ condition 
( ) d ( )
L
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which corresponds to the chang e of volumetric physical enthalpy 
for  [ TS  ,TL  ].  Above  condition  allows  one  to  determine  the 
numerical parameters of function describing the assumed course 
of STC. 
In this paper we propose the approximation of STC is assumed in 
the form of broken line shown in Figure 1. 
 
 
 
Fig. 1. Course of STC 
 
If TM  denotes a certain temperature from the interval [TS , TL ]  
then for [TS , TM ] one has 
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while for [TM , TL ] 
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Condition (10) leads to the following dependence 
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In equations (11), (12), (13) cmax is the maximum value of thermal 
capacity. After mathematical manipulations one obtains 
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Introduction the last formula to equations (11) and (12) gives a 
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temperature TM   on the course of STC the different values of this 
temperature  have  been  taken  into  account, while the remaining 
parameters are  equal to TS =
 1470
 o C, TL=
 1505
 o C, cS = 4.875 
MJ/m
3  K. cL  = 5.9 MJ/m
3 K, L = 2173 MJ/m
3 . In Tab.1. the 
results  of  computations  are  shown  the  first  row  contains  the 
successive  temperatures  TM,  while the second one contains the 
calculated values of  cmax . One can see that the choice of internal 
temperature  is  not  essential  and  the  maximum  value  of  SMC 
changes in a very small range. 
 
Table 1.  
Results of computations 
1470  1475  1480  1485  1490  1495  1500  1505 
118.3  118.4  118.6  118.7  118.87  119.0  119.2  119.3 
 
It can be shown that when the thermal capacities of liquid and 
solid state are assumed to be the same, then the parameter  cmax 
becomes a constant value and it is independent of temperature TM 
.  Summing up the STC is not sensitive with respect to TM and in 
this  situation  the only parameter determining the course of the 
function  discussed is the alloy latent heat, at the same time (it 
should  simplify  the  computations  at  the  stage  of  numerical 
modeling)  in  place  of  TM  the  mean value 0.5 (TS +TL ) can be 
introduced.  
 
 
3. Inverse problem solution 
 
So, we  assume that only  the volumetric latent heat L is unknown. 
Because  the  inverse  problem  is  considered  therefore  it  is 
necessary  to  dispose  an  additional  information  concerning  the 
course  of  the  process  considered,  for  instance,  the  course  of  
temperature T (0, t ) at the selected point from casting domain is 
known 
  0, , 1, 2,...,
ff
d T T t f F                                 (15) 
In order to solve the inverse problem, the least squares criterion is 
applied [5] 
   
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where T 
f = T (0, t
  f ) is the calculated temperature at the  point  
considered for time t
 f  and arbitrary assumed value of L. 
The criterion (16) is differentiated with respect to the unknown 
volumetric  latent  heat  L  and  next  the  necessary  condition  of 
minimum is applied 
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where k is the number of iteration, L
 k  for k = 0 is the arbitrary 
assumed value of L, while L
 k for k  >  0 results from the previous 
iteration. 
Function T
  f  is  expanded in the Taylor series about known value 
of  
 
 
L
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Putting (18) into (17) one has 
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and then
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where 
 
k
f
k f
LL
T
U
L




                                                              (21)  (17) 
are the sensitivity coefficients. Formula  (20)  allows one to find 
the  value  of L
  k    +  1. The iteration process is stopped when the 
assumed  accuracy  is  achieved  or when the assumed number of 
iterations is done. 
In  order  to  determine  the  sensitivity  coefficients  (21),  the 
governing equations (1),  (2),  (3), (5), (6) should be differentiated 
with  respect  to  the  unknown  parameter  L  [4].  So,  the 
differentiation of energy equation (1) gives 
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therefore (using additionally Schwarz theorem) 
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or for constant value of thermal conductivity 
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                              (25)  (18) 
The  equation  (25)  is  coupled  with the energy one because the 
knowledge  of  temperature  field  is  necessary  in  order  to  find 
solution U. Now, the equation concerning a mould sub-domain is 
differentiated with respect to L (under the assumption that cm and 
λm are the constant values) and then one obtains 
2 m
m m m
U
cU
t

  

                                                       (26) 
where Um = Tm /L. The form of boundary and initial conditions 
concerning the sensitivity model can be found in [6]. 
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The derivative C’(T) (equations (24) and (25) is equal to 
 
   
max
max
S
MS
L
ML
cc
TT CT
cc T
TT
 
     
  
  
                           (27) 
 
 
4. Example of computations 
 
The symmetrical fragment of casting (steel frame) shown in 
Figure 2 is considered. The casting is produced in a typical sand 
mould.  Thermophysical  parameters  of  casting  material  are  the 
following:  cS  =  4.875  MJ/m
3K,  cL  =  5.9 MJ/m
3K, cP = 5.3875 
MJ/m
3K, L = 1984.5 MJ/m
3 (this value is identified), TS = 1470
oC, 
TL  = 1505
oC, λS = 35  W/mK, λL = 20 W/mK, λP = 27.5 W/mK, 
while for mould sub-domain cM = 1.75 MJ/m
3K, λM = 1 W/mK. 
Initial  temperature  of  molten  metal  equals  1550
oC,  initial 
temperature of mould – TM0 = 20
oC. 
 
        
Fig. 2. Domain considered 
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Fig. 3. Iteration process 
 
At the stage of numerical computations both the basic problem 
and sensitivity one have been solved using the explicit scheme of 
FDM for non-linear parabolic equations. The details concerning 
this approach to the simulation of solidification problem can be 
found  in  [1].  The  results of latent heat identification using the 
iteration procedure resulting from equation (20) for undisturbed 
input data are presented in Figure 3. 
 
References 
 
[1]  Mochnacki  B,  Majchrzak  E.,  Identification  of  macro  and 
micro  parameters  in  solidification  model,  Bulletin  of  the 
Polish Academy of Sciences, Technical Sciences, 55, 1, 2007, 
107-113. 
[2]  Mochnacki  B.,  Suchy  J.S.,  Numerical  methods  in 
computations of foundry processes, PFTA, Cracow, 1995. 
[3]  Majchrzak  E.,  Mochnacki  B.,  Suchy  J.S.,  Identification  of 
substitute  thermal  capacity  of  solidifying  alloy,  Journal of 
Theoretical and Applied Mechanics, 46, 2, 2008, 257-268. 
[4]  Majchrzak E., Dziewonski M., Kaluza G., Identification of 
cast  steel  latent  heat  by  means  of  gradient  method.  Int. J. 
Computational Materials Science and Surface Engineering, 1, 
5, 2007, 555-570. 
[5]  Majchrzak E., Dziewonski M., Kaluza G., Identification of  
latent  heat  of  biological  tissue  subjected  to  the  freezing, 
Scientific  Research  of  the  Institute  of  Mathematics  and 
Computer Science, 1(5), 2006, 106-113. 
[6]  R.Szopa,  J.Siedlecki,  Sensitivity  analysis  in  nonlinear  heat 
conduction,  Scientific  Research  of  the  Institute  of 
Mathematics and Computer Science, 1(2), 2003, 175-182. 
 
 
 